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ABSTRACT
The force transmitted from the front tires to the steering rack of a vehicle, called the
rack force, plays an important role in the function of electric power steering (EPS)
systems. Estimates of rack force can be used by EPS to attenuate road feedback and
reduce driver effort. Further, estimates of the components of rack force (arising, for
example, due to steering angle and road profile) can be used to separately compen-
sate for each component and thereby enhance steering feel. In this paper, we present
three vehicle and tire model-based rack force estimators that utilize sensed steer-
ing angle and road profile to estimate total rack force and individual components
of rack force. We test and compare the real-time performance of the estimators by
performing driving experiments with non-aggressive and aggressive steering maneu-
vers on roads with low and high frequency profile variations. The results indicate
that for aggressive maneuvers the estimators using non-linear tire models produce
more accurate rack force estimates. Moreover, only the estimator that incorporates
a semi-empirical Rigid Ring tire model is able to capture rack force variation for
driving on a road with high frequency profile variation. Finally, we present results
from a simulation study to validate the component-wise estimates of rack force.
KEYWORDS
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1. Introduction
The torque experienced by a driver at the steering wheel, also referred to as steering
feel, significantly influences a driver’s perception of a vehicle [1–3]. In modern cars, this
torque feedback is primarily regulated by the Electric Power Steering (EPS) system
[4]. An EPS system modulates the torque feedback by overlaying controlled amounts
of torque on the steering column of the vehicle [5]. The objectives of the EPS system
are to make the driving task easier, safer, and more comfortable while keeping the
driver aware of road conditions [2,5,6].
To achieve these objectives, the EPS system uses an estimate of rack force [4–7].
Rack force is defined as the force transmitted from the front tires to the steering rack
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of a vehicle through the tie rods. Tire forces and moments, and hence the rack force,
arise from the interaction of tires with the road. Naturally, rack force depends on the
road profile, but also on how the road profile is traversed, and thus depends on the
steering angle in combination with the road profile. When a driver performs a steering
maneuver, the tire forces and moments and hence the rack force generally oppose the
effort applied by the driver. The counteracting rack force increases the driver effort
needed to steer the vehicle, however it also informs the driver of the vehicle state and
the road conditions. Accordingly, EPS uses rack force estimates to attenuate the rack
force and assist the driver in performing the maneuver, while leaving a portion of the
counteracting force unattenuated to maintain driver awareness [1,2,8–10].
Apart from the EPS assist torque, rack force estimates are also used to determine the
EPS torque needed to reject disturbances arising from elements internal to the steering
system [3,5,8]. Lane keeping and steer-by-wire systems also utilize the estimates of rack
force [7,11–13]. Unfortunately, it is expensive to install reliable measurement systems
for rack force in commercial vehicles [2,12]. As a result, estimation of rack force using
real-time capable techniques has attracted the attention of researchers both in industry
and academia [1,3,5,7,11,12,14,15].
One real-time capable technique used for rack force estimation utilizes system iden-
tification (SID) methods. An SID-based estimator uses data generated through driv-
ing experiments to identify a model between the measured output rack force and a
measured input signal (such as rack displacement) [14,15]. Such estimators are com-
putationally inexpensive and can be used in vehicles of different configurations [15].
However, current SID-based estimators can only estimate rack force due to the steering
angle and ignore the effect of road profile variations on rack force.
(a) (b)
Figure 1.: Two most common methods to estimate rack force due to steering angle
and road profile: (a) In a steering model-based (SM-based) rack force estimator, the
sensed EPAS motor angular position, speed, and torque along with the steering column
torque are fed into an input observer to compute rack force. (b) In a vehicle and tire
model-based (VTM-based) rack force estimator, the road profile and the steering angle
are fed into a combined vehicle and tire model to compute rack force.
A rack force estimator that disregards the effect of road profile variation can neg-
atively affect the driver’s safety. Studies show that any inability to account for road
profile variation, such as road bank, road grade, and side-slopes, can result in long pe-
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riods of unaccounted steering disturbances which might increase the chance of rollover
and loss of steering control [2,3,16–19]. Therefore, estimators that can account for road
profile variation in rack force estimation have the potential to improve both the safety
and comfort of the driver. Estimators shown in Fig. 1 utilize models of the steering
and vehicle systems to estimate the effect of road profile variation on rack force. The
estimator shown in Fig. 1(a) is called a steering model-based (SM-based) rack force
estimator, and the estimator shown in Fig. 1(b) is called a vehicle and tire model-based
(VTM-based) rack force estimator.
The SM-based rack force estimator uses a lumped parameter model of the steering
system along with the EPS motor torque, position, and speed, and the steering col-
umn torque to produce an estimate of rack force [5,7,11,14,20]. The SM-based rack
force estimators have been widely used in EPS applications because of their ability to
produce sensor-level-accurate rack force estimates. However, the SM-based estimators
cannot estimate the contribution of road profile variation to rack force independent of
the contribution of steering angle.
An estimator that produces estimates of rack force due to road profile independent of
the steering angle holds additional advantage for EPS control; two separately estimated
components of rack force can be compensated individually to different degrees to
enhance the steering feel. Several researchers have adopted the idea of performing
decomposition of steering signals such as rack force [1,8], steering angle [21,22], and
steering torque [2,6,10,23] with the aim of performing targeted compensation on the
signal components and improving the steering feel. Currently, only the VTM-based
rack force estimators (depicted in Fig. 1(b)) are capable of producing component-wise
estimates of rack force. A VTM-based estimator uses sensed steering angle and road
profile together with a vehicle model and tire model to produce its estimate of rack
force.
VTM-based rack force estimators have appeared in various forms. Software packages
such as CarSim and CarMaker use relatively more complex VTM-based estimators to
produce highly accurate rack force estimates [24,25]. A disadvantage of the estimators
used in these packages is that they are computationally heavy and therefore cannot
be used in real-time in production vehicles. They can, however, be used for running
simulation studies to verify the estimation performance of other estimators [26,27].
Real-time capable VTM-based estimators appearing in the literature use simpler ve-
hicle and tire models for rack force estimation and are computationally inexpensive.
Most conventional VTM-based estimators ignore the presence of road profile variations
and only consider the steering angle as an input when estimating the rack force (per-
haps due to unavailability of real-time road profile measurements) [3,5,28,29]. Only
two previous papers [13,30] introduced VTM-based rack force estimators that could
incorporate road profile measured using sensors mounted in the vehicle.
In this paper, we develop three VTM-based estimators that can estimate rack force
using sensed steering angle and road profile inputs. We develop the estimators with
the same vehicle model but three different tire models to isolate the effect of the tire
model on estimation accuracy. We present the results from three driving experiments
to comment on which features of our tire models improve or reduce the accuracy of
rack force estimation. In addition, we present a simulation study to test whether the
estimates of rack force due to steering angle and rack force due to road profile produced
by one of our estimators can potentially be used to perform targeted compensation.
The paper is organized as follows. In Section 2 we briefly discuss the overall structure
of a VTM-based rack force estimator. Section 3 presents the details of the vehicle
model and the three tire models used to estimate the rack force. In Section 4 we
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describe the driving experiments which were used to compare the model fidelity of the
three estimators, and the simulation setup that was used to produce the component-
wise estimates of rack force. Section 5 presents the results and discussion for the
driving experiments and the simulation study followed by Section 6 that presents the
conclusions of the paper.
2. Modeling Framework
Fig. 2 shows the simplified structure of a VTM-based rack force estimator. For a
relatively constant non-zero vehicle speed, the two inputs to the estimator are steering
angle and road profile. While the steering angle is primarily governed by the driver,
the road profile is determined by the environment. The most common road profile
inputs are longitudinal slope, lateral slope, and cleat/pothole dimensions. The road
profile can be sensed using advanced radar and LiDAR sensors or can be measured
beforehand. Certain road profile inputs, especially road slopes, can also be estimated
on the fly using on-board sensors (see [13,31], for example).
Figure 2.: Simplified structure of the VTM-based rack force estimator. The road profile
and the steering angle are inputs to a vehicle model and tire model that in combination
enable rack force estimation. The tire model includes a slip kinematics model to esti-
mate the tire slip angles and a tire-road interaction model to estimate tire forces and
moments. The vehicle model includes a vehicle dynamics model to estimate vehicle
states and a steering kinematics model to estimate rack force.
In a VTM-based rack force estimator, the steering angle and road profile signals are
first made available to a vehicle model that generates vehicle states. The same signals
along with the vehicle states are then used in a tire model to obtain tire slip angles
and tire forces and aligning moments. These forces and moments are in turn used in
the vehicle model to generate vehicle states for the next time instant. Meanwhile, the
tire aligning moments are used to determine the steering rack force using a steering
kinematics model that relates tire aligning moments to the rack force.
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3. Modeling
In this section we present three VTM-based estimators that we developed to determine
rack force. The three estimators are only distinguished by their tire models. The first
estimator has a Linear Tire model [32], and is called the LT Model. The second esti-
mator has a nonlinear Brush Tire model (also known as the elastic foundation model)
[33], and is called the BT Model. The third estimator has a Rigid Ring tire model
[34], and is called the RR Model. All the estimators are based on the same vehicle
dynamics given by the 2DOF bicycle model presented in [13].
The following assumptions apply to all rack force estimators presented in the paper:
(1) The tire parameters such as tire stiffness and damping and tire radius were
assumed constant.
(2) Tire inertia and wheel camber were assumed negligible. Tire-road friction µ was
assumed constant: µ = 1.
(3) The effects of the vehicle’s roll, pitch, acceleration and braking on vehicle states,
normal tire force, and on steering angle were ignored.
(4) The components of the steering system were assumed mass-less. The vehicle’s
mass was assumed constant.
(5) The influence of the suspension system on rack force was assumed negligible.
In the following subsections, we first describe the vehicle model common to the
three estimators followed by a description of the three tire models that distinguish
the estimators. We then present how rack force was estimated using the tire models
and briefly describe the assembly of the vehicle and tire models that enable rack force
estimation. We conclude the section by describing how VTM-based estimators can be
used to produce component-wise estimates of rack force and how the component-wise
estimates can be used to perform targeted compensation to improve steering feel.
3.1. Vehicle Model
Consider a vehicle of mass m and yaw inertia I driven with steering angle δ and speed
u. Let the the vehicle yaw angle be ψ, and let the forces on the vehicle’s front (f) and
rear (r) tires in the longitudinal (x) and lateral (y) directions respectively be denoted
by Fxf , Fxr and Fyf , Fyr (see Fig. 3). Likewise, let the tire aligning moments for the
front and rear tires be denoted by Mzf and Mzr. Then the two degrees of freedom
of the vehicle, namely, lateral speed v and yaw rate ψ˙, or the lateral dynamics of the
vehicle for driving on a flat road are governed by the following differential equations
[13]
mv˙ +muψ˙ = Fxf sin δ + Fyf cos δ + Fyr
Iψ¨ = lfFxf sin δ + lfFyf cos δ − lrFyr,
(1)
where the distance between the center of mass of the vehicle and the centroid of the
front tire contact patch is lf and the distance between the center of mass of the vehicle
and the centroid of the rear tire contact patch is lr.
Assuming the steering angle δ remains small, the differential equations governing
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Figure 3.: Schematic of a 2DOF bicycle model. In the configuration shown, the bicycle
drives along a road with lateral slope θ with speed u and steering angle δ . The two
degrees of freedom are lateral speed v and yaw rate ψ˙. The vertical tire forces, slip
angles, tire lateral forces, and tire aligning moments are denoted by Fzi, αi, Fyi, and
Mzi, respectively, where i ∈ {f, r} denotes the front and rear tires.
the lateral dynamics of the vehicle can be rewritten as
mv˙ +muψ˙ = Fyf + Fyr
Iψ¨ = lfFyf − lrFyr.
(2)
Now consider driving on an uneven road. Equation (2) also applies for driving on a
longitudinal slope or a road grade because the longitudinal slope does not significantly
influence the lateral dynamics of the vehicle [13]. Likewise, although driving over a
cleat or a pothole changes the tire dynamics considerably, cleats or potholes do not
directly influence the vehicle’s lateral dynamics. On the other hand, for driving on a
lateral road slope or a road bank (simply referred to as road slope in this paper), the
differential equation for the lateral speed is different. If the lateral slope of the road is
θ, as shown in Fig. 3, and the acceleration due to gravity is denoted by g, the vehicle
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states are governed by the equations
mv˙ +muψ˙ +mg sin θ = Fyf + Fyr
Iψ¨ = lfFyf − lrFyr.
(3)
A detailed derivation of these equations can be found in [13].
3.2. Tire Model
The rack force is primarily influenced by the aligning moments acting on the front tires
of a vehicle because the movement of the steering rack is linked to the steering angle
of the front tires. Therefore, to enable rack force estimation, the primary objective
of a tire model is to estimate the aligning moments acting on the front tires. For the
bicycle model, since the front tires are lumped into a single tire, the goal of the tire
model is simply to estimate the aligning moment Mzf .
In order to obtain the aligning moment, it is first required to obtain tire slip angles
and tire normal forces. The vehicle states obtained using Equations (2) and (3) can
be used to determine the lateral slip angles αf and αr of the front and rear tires using
the equations
αf =
v + lf ψ˙
u
− δ,
αr =
v − lrψ˙
u
.
(4)
The tire normal forces for the front tires Fzf and for the rear tires Fzr for driving on
the road slope θ are given by the following equations
Fzf =
mglr cos θ
2(lf + lr)
,
Fzr =
mglf cos θ
2(lf + lr)
.
(5)
The slip angles presented in Equation (4) and normal forces presented in Equation
(5) remain the same in the tire models which are discussed next.
3.2.1. Linear Tire (LT) Model
The lateral forces on the front and rear tires with respective cornering stiffness Cαf
and Cαr are given by
Fyf = Cαfαf ; Fyr = Cαrαr. (6)
To express the lateral forces acting on both the front (f) and rear (r) tires using a
single equation, let us rewrite Equation (6) in the following form
Fyi = Cαiαi, (7)
where i ∈ {f, r}.
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The front tire pneumatic trail tp for the LT Model is given by the expression [35]
tp = tp0
(
1− sgn(αf )
Cαf
3µFzf
tanαf
)
,
where tp0 is the pneumatic trail at zero front slip angle.
The aligning moment Mzf for the front tire is then given by
Mzf = −(tp + tm)Fyf , (8)
where the front tire mechanical trail tm is a constant for a given vehicle. For a detailed
description of the pneumatic trail tp and the mechanical trail tm, the reader is referred
to [33].
Note that the tire lateral forces are directly proportional to the slip angles which
is why this model is referred to as the “linear tire” model. Such proportionality only
applies within a range of slip angles, in particular for low values of slip angles, after
which it no longer captures the variation of tire forces accurately [33].
3.2.2. Brush Tire (BT) Model
Unlike the LT Model where the tire forces vary linearly with the slip angles, in the BT
Model the tire forces are non-linear in the slip angles. Therefore, the BT Model can
provide a better estimate of rack force over a larger range of slip angles. According to
[33], the lateral tire force for the front (f) and rear (r) tires is given by
Fyi =
{
µFzi(3θsαi − 3(θsαi)
2 + (θsαi)
3) if αi ≤
1
θs
µFzi if αi ≥
1
θs
,
(9)
where again i ∈ {f, r} and µ is the coefficient of friction between tire and road. The
normal force Fzi is given by Equation (5), and θs is a tire parameter that, for tire
tread stiffness of cp and the contact patch length of 2a, is defined by
θs =
2
3
cpa
2
µFzi
The front tire pneumatic trail tp for the BT Model is given by the expression [33]
tp =
1
3
a
1− 3|θsαf |+ 3(θsαf )
2 − |θsαf |
3
1− |θsαf |+
1
3
(θsαf )2
. (10)
For mechanical trail tm, the tire aligning moment Mzf can then be obtained by using
the following expression which is the same as the one used in the LT Model
Mzf = −(tp + tm)Fyf . (11)
3.2.3. Rigid Ring (RR) Model
The LT and BT Model can estimate the tire forces and moments for low frequency
road profile variations (<8Hz) such as road slopes. The Rigid Ring (RR) tire model
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is designed to estimate tire forces and moments for higher frequency road profile
changes (such as 8Hz−80Hz) [33,34,36]. Moreover, like the BT Model, the RR Model
can capture nonlinear dependence of tire forces on slip angles better than the LT
Model.
In the RR Model, the profile or the geometry of the road surface are first used to
determine an “effective road profile” using a tire enveloping model [34]. The effective
road profile is then used to compute the contact patch normal force FcN . A detailed
derivation of FcN can be found in [30,34]. The tire lateral forces Fyi (where i ∈ {f, r})
can then be estimated using the expression [34]
Fyi = Dy sin(Cy arctan{Byαyi − Ey(Byαyi − arctan(Byαyi))}) + SV y. (12)
The front tire pneumatic trail tp for the RR Model is given by
tp = Dt cos(Ct arctan{Btαtf − Et(Btαtf − arctan(Btαtf ))}),
and the resulting aligning momentMzf acting on the front tire can be estimated using
Mzf = −tpFyf +Dr cos(arctanBrαrf ), (13)
where the slip angles (αyi, αti, and αri) are given by
αyi = SHy + tanαi, αti = SHt + tanαi, αri = tanαi.
The coefficients By, Br, Bt, Cy, Ct, Dy, Dr, Dt, Ey, Et, SHy, and SHt are either
constants or are functions of slip angles (αyi, αti, and αri) and contact patch normal
forces FcN , and tire normal forces Fzi [30,34].
3.3. Rack Force Estimation
The aligning moment Mzf obtained using each model was used to estimate the resul-
tant road feedback or the rack force RF using the expression
RF = ipMzf , (14)
where the constant ratio ip defines the tire moment to rack force transmission ratio
for a given vehicle.
3.4. Model Assembly
Referring again to Fig. 2, the vehicle states (lateral speed v and yaw rate ψ˙) are
produced by the vehicle model represented by Equation (2) for flat roads and Equation
(3) for sloped roads. Independently, the vehicle’s mass and dimensions and the road
slope are used to compute normal tire forces using Equation (5). In the tire model,
the vehicle states are used to find the tire slip angle for the front and rear tires using
Equation (4). Tire slip angles and normal forces are then used to find tire forces and
aligning moments using Equations (7) and (8) for the LT Model, Equations (9) and
(11) for the BT Model, and Equations (12) and (13) for the RR Model. The tire
forces are fed back into the vehicle model in Equations (2) and (3) to generate the
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vehicle states for the next time instant. During this process, the rack force for each
time instant is obtained through Equation (14) using the aligning moment estimated
in Equation (8) for the LT Model, in Equation (11) for the BT Model, and in Equation
(13) for the RR Model.
3.5. Targeted Compensation using Rack Force Components
VTM-based estimators can be utilized to determine the rack force due to steering
angle independent of the rack force due to road profile. The components can then be
used to compensate for the individual effects of steering angle and road profile on the
steering feel. However, there are some preliminary requirements for performing such a
targeted compensation. In this subsection, we attempt to outline these requirements.
Consider rack forceRF obtained in Equation (14). RF is clearly a nonlinear function
of steering angle and road profile, and can be expressed using a generic function f as
RF = f(δ, θ). (15)
Now let us denote rack force due to steering angle by RFSteering and rack force due to
road profile by RFRoad. Using Equation (15), RFSteering and RFRoad can be obtained
by using one input at a time in function f as follows
RFSteering = f(δ, 0), RFRoad = f(0, θ). (16)
Since rack force is nonlinear, RFSteering andRFRoad may not be the only components
of rack force. Rack force may consist of additional nonlinear components arising from
the interaction of steering angle and road profile inputs. Let us combine the additional
components of rack force into a single variable ∆RF which we call the residual rack
force. The rack force RF can then be decomposed into three components
RF = RFSteering +RFRoad +∆RF (17)
Clearly, to properly perform targeted compensation it is important to verify whether
the residual rack force ∆RF is small in comparison to RFSteering and RFRoad. If
RFSteering and RFRoad are not the primary components of rack force, compensating
only for the effect of steering angle and road profile may not be sufficient. The unknown
and uncompensated residual rack force may result in incorrect compensation which in
turn may result in a substandard or undesirable steering feel. In Section 5, we compare
the sum of independent estimates RFSteering and RFRoad with rack force RF to check
whether rack force is primarily composed of only RFSteering and RFRoad.
To perform targeted compensation, it is also important to verify whether the esti-
mates of rack force due to steering angle RFSteering and rack force due to road profile
RFRoad obtained using the estimator accurately represent the contributions of steering
angle and road profile to rack force. Unfortunately, unlike the total rack force RF , the
component-wise estimates of rack force RFSteering and RFRoad cannot be validated
using the force measurements available from strain gauges mounted on the steering
rack. However, estimates produced by higher DOF VTM-based rack force estimators,
such as those available in commercial vehicle dynamics packages, can still serve as a
reference to compare the estimates produced by low DOF VTM-based rack force esti-
mators. In the next section we discuss how the component-wise estimates produced by
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one of our estimators were compared with the estimates produced by a higher DOF
rack force estimator available in CarSim.
4. Methods
We now describe the experimental setup and the simulation setup used to test the per-
formance of the three rack force estimators developed in this paper. We first describe
the three driving experiments and the hardware setup that were used to determine and
compare the real-time estimation accuracies of the rack force estimators. After that,
we explain the simulation setup that was used to verify whether the component-wise
estimates of rack force can be used to perform targeted compensation.
4.1. Experimental setup
Driving experiments were performed at test tracks with known road profile varia-
tions. The test tracks were located at Ford’s Dearborn Development Center (formerly
Dearborn Proving Grounds) in Dearborn, Michigan. The results from the following
experiments are described in this paper:
(1) Experiment 1: Driving on a road with varying lateral slope
This driving experiment was performed on a crowned road with 11◦ slope on the
two sides of the road crown. The vehicle was driven from one side to the other
side with a speed of about 20 km/h.
(2) Experiment 2: Aggressive slalom driving on a road with constant lateral slope
This experiment was performed on a road with constant lateral slope of about
11◦. The steering angle was varied between approximately −60◦ and 60◦ to
perform a slalom maneuver with a speed of about 15 km/h.
(3) Experiment 3: Slalom driving on a road with cleats of varying heights
This experiment was performed on a road with thirteen metal cleats of known
dimensions: the first four cleats were 1 cm tall, the next five cleats were 2 cm
tall, and the remaining cleats were 3 cm tall. All cleats were 4 cm long and were
oriented transverse to the road. Driving speed was maintained at about 30 km/h.
The steering angle was varied between approximately −30◦ and 30◦ so that the
vehicle impacted the cleats at an angle (roughly equal to the steering angle). Such
a maneuver was performed to test the performance of the estimators for driving
over arbitrary high frequency unevenness, such as oblique cleats, on the road.
Moreover, hitting the cleats straight with zero impact angle did not significantly
influence the tire aligning moment and therefore did not induce much rack force.
The experiments were performed using the Lincoln MKX vehicle equipped with
Pirelli (Scorpion Verde AS) tires shown in Fig. 4 (a). Tire model specific parameters
used in the models were taken from [33] and [34]. Other vehicle specific parameters
can be found in [13]. To evaluate the estimation performances of the models, the rack
force estimates produced by the three models were compared to measurements from
strain gauges installed on the tie rods of the test vehicle (shown in Fig. 4 (b)). The
steering angle and the vehicle speed were measured using steering angle and tire speed
sensors, respectively. The road slopes (longitudinal and lateral) were obtained using
the pitch and roll measurements obtained from a high fidelity IMU (OXTS RT3003
v2) installed in the vehicle (shown in Fig. 4 (c)) that transmitted signals at 100 Hz.
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Figure 4.: Experimental setup. (a) Lincoln MKX test vehicle. (b) Tie rod instrumented
with strain gauges to measure the steering rack force. (c) Inertial measurement unit
(IMU) mounted inside the car used to measure the road slopes during driving.
The pitch and roll measurements were assumed to be roughly equal to the longitudinal
and lateral slopes of the road. The cleat dimensions (height, width and length) were
physically measured on the track where the tests were performed. During the driving
tests, a rapid control prototyping platform (dSPACE MicroAutoBox) was used to link
sensed steering angle, road profile, and vehicle speed signals with an online simulation
of the three rack force estimators (integrated in real-time Simulink), using CAN-bus
communications at 250 Hz.
4.2. Simulation Setup
The BT Model was used to produce the component-wise estimates of rack force: rack
force due to steering angle RFSteering and rack force due to road profile RFRoad.
Unlike the estimates of total rack force, the component-wise estimates of rack force
could not be measured using sensors available in the vehicle. Therefore, a higher DOF
VTM-based estimator available in CarSim was chosen as a reference to validate the
component-wise estimates of rack force produced by the BT Model. The VTM-based
estimator in CarSim had a four-wheel vehicle model that had 15 mechanical degrees
of freedom (DOF) in comparison to the bicycle model with only two DOF used in the
BT Model. The math model for the 15 DOF model vehicle in CarSim had over 250
state variables [37]. For tire models, CarSim provided various options for tire models
that had higher complexity than the Brush Tire model used in the BT Model. We
used the semi-empirical tire model called “Internal Table Model with Simple Camber”
which used combined slip theory [38] and similarity method [39] to compute tire forces
and moments [40].
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To perform the simulation experiment, we recreated Experiment 1 described in
Section 4.1 in the CarSim environment. We fed the recorded steering angle from Ex-
periment 1 into the CarSim Simulink Model and re-created the same road profile in
the CarSim driving environment that was traversed while performing Experiment 1.
Moreover, we performed the simulation on an SUV vehicle with the vehicle dimen-
sions, mass, yaw inertia, and tire size similar to the Lincoln MKX vehicle on which
the physical test was performed (as shown in Table 1).
Table 1.: Comparison of parameters between the test vehicle and simulated vehicle
Parameters/Vehicle Test Vehicle Simulated Vehicle
Mass (kg) 1972 2257
Yaw Inertia (kg-m2) 3600 3525
Track Width (m) 1.64 1.69
Wheel Base (m) 2.88 2.95
Tire Size 265/40 R21 255/45 R19
The CarSim simulation setup is summarized in Fig. 5. The first simulation exper-
iment was used to estimate RFRoad where the steering angle was set to zero but the
driving was simulated on a sloped road (shown in Fig. 5 (a)). The second simulation
experiment was used to estimate RFSteering where the steering angle was non-zero
but the driving was simulated on a flat road (shown in Fig. 5 (b)). The vehicle speed
remained the same in both simulation experiments. The component-wise estimates
obtained using CarSim were then compared with the estimates obtained using the BT
model. Finally, the sum of component-wise estimates obtained using the BT Model was
compared with the total rack force estimate to determine the contribution of residual
rack force to the total rack force.
4.3. Performance Analysis
To quantify the performance of a given estimator, we used the normalized mean abso-
lute error (NMAE) between the rack force estimate produced by the estimator, RF ,
and the rack force estimated using a reference estimator, RFref . NMAE was expressed
as a percentage and was obtained using the following equation
NMAE(%) =
mean(|RFref −RF |)
max(RFref )−min(RFref )
× 100 (18)
For the driving experiments the sensors mounted in the vehicle served as the reference,
whereas for simulation experiments the rack force estimates produced using CarSim
served as the reference. We also compared the rack force estimation performance of our
estimators to each other to find out which estimator had the highest relative accuracy.
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Figure 5.: CarSim setup for component-wise rack force estimation. (a) RFRoad was
estimated by setting the steering angle to zero in the CarSim Simulink model and by
creating a sloped road profile in the driving environment. (b) RFSteering was estimated
by making the steering angle non-zero in the CarSim Simulink model and by creating
a flat road profile in the driving environment.
5. Results and Discussion
5.1. Effect of Model Complexity on Rack Force Estimation
The differences between the three VTM-based estimators were readily apparent in the
comparison of estimation errors between the estimators as shown in Table 2.
Table 2.: Normalized mean absolute estimation errors (%) for the three experiments
Estimator/Experiment Experiment 1 Experiment 2 Experiment 3
LT (Linear Tire) 3.75% 10.11% 9.17%
BT (Brush Tire) 3.83% 7.88% 8.66%
RR (Rigid Ring) 3.38% 7.51% 5.35%
While driving on the road with large slope variation in Experiment 1, no differences
were seen between the estimation performances. Despite the significant distinction
between the tire models used in our estimators, all estimators seemed to agree well
with the sensor measurements (Fig. 6). The estimation errors were low for the three
estimators and were only marginally different between the estimators (see Table 2).
The results indicated that both the linear and nonlinear tire models were equally
capable of estimating the rack force irrespective of the magnitude and variation of
road slope.
Driving with an aggressive slalom maneuver in Experiment 2, on the other hand,
revealed some differences between the estimator using the linear tire model and the es-
timator using the nonlinear tire model. Estimators with nonlinear tire models, namely,
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Figure 6.: Experiment 1 performed on a crowned road. Vehicle speed was maintained
at about 20 km/h. (a) Road profile variation (schematic) and input steering angle and
road slope (graph). (b) Rack Force estimated using the LT Model and measured using
sensor. (c) Rack Force estimated using the BT Model and measured using sensor. (d)
Rack Force estimated using the RR Model and measured using sensor.
the BT Model and the RR Model, matched the sensor measurements better than the
LT Model (Fig. 7). For the LT Model, the estimation performance broke down at large
steering angles and large steering angle rates (see Fig. 7b) while both the BT Model
and the RR Model seemed to match the measurements well throughout the experi-
ment (Fig. 7c and Fig. 7d). The normalized mean absolute estimation error for the
RR Model and the estimation error for the BT Model were similar to each other and
were both lower than the estimation error for the LT Model (see Table 2).
The estimation error for the RR Model was the lowest for driving on the road with
cleats in Experiment 3. While driving on the flat part of the road, the performance of
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Figure 7.: Experiment 2 performed with a slalom maneuver on a road with con-
stant lateral slope. Vehicle speed maintained at about 15 km/h. (a) Vehicle maneuver
(schematic) and input steering angle and road slope (graph). (b) Rack Force estimated
using the LT Model and measured using sensor. (c) Rack Force estimated using the
BT Model and measured using sensor. (d) Rack Force estimated using the RR Model
and measured using sensor.
all estimators seemed similar (Fig. 8). However, only the RR Model captured the rack
force well when the vehicle drove on cleats as demonstrated by the insets on the plots
in Fig. 8. Furthermore, as shown in Table 2, the mean absolute estimation error for the
RR Model was lower than both the BT Model and the LT Model. The BT Model and
the LT Model, on the other hand, seemed to exhibit similar estimation performance.
Clearly, our results reflect the differences in the complexity of tire models used in
our estimators. For example, for Experiment 2, the RR Model and the BT Model
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Figure 8.: Experiment 3 performed with a slalom maneuver on a road with cleats of
varying heights. Vehicle speed maintained at about 30 km/h. (a) Road profile variation
(schematic) and input steering angle and road slope (graph). (b) Rack Force estimated
using the LT Model and measured using sensor. (c) Rack Force estimated using the
BT Model and measured using sensor. (d) Rack Force estimated using the RR Model
and measured using sensor.
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perform better than the LT Model because the nonlinear tire models used in the
BT Model and the RR Model are better at capturing the tire forces and aligning
moments for higher steering angles and slip angles as compared to the linear tire
model used in the LT Model. Likewise, in Experiment 3, the RR Model seems to have
better performance than both the BT and the LT Model because only the RR Model
accounts for high frequency road profile variations (such as cleats) in the estimation of
tire forces and moments. And clearly this capability results in a nontrivial difference
between the estimation errors of our models. On the other hand, all the estimators seem
to exhibit satisfactory performance for non-aggressive steering maneuvers regardless
of the magnitude and variation of the road slopes as demonstrated by Experiment 1.
In other words, we found that in terms of driving on roads with low frequency profile
variations (<8Hz) with non-aggressive steering maneuvers, all three estimators we
developed seem to work sufficiently well. For driving with slalom steering maneuvers
on low frequency road profile variations, however, both the BT Model and the RR
Model outperform the LT Model. The BT Model appears to be a better choice for
driving on low frequency road profile variations as it is computationally less intensive
than the RR Model and produces rack force estimates of accuracy similar to the RR
Model. However, for high frequency road profile variation such as produced while
driving on road cleats, the RR Model appears to be a better choice for rack force
estimation as it supports better estimation performance than the other models.
The VTM-based estimators developed in this paper are capable of estimating rack
force for driving on different types of road profiles and can therefore be utilized to
develop and improve various driver assist controllers. The estimators can be used in
existing driver assist controllers that temporarily deactivate their functions when the
vehicle transitions from a flat road to an uneven road (see, for example, controllers de-
signed in [3,5,41,42]). The estimators can also be used in virtual prototyping to analyse
ride-comfort and durability of a vehicle and in simulating road feedback in hardware-
in-the-loop simulators and simulation experiments [29,43,44]. The RR Model, in par-
ticular, can also be used in semi and fully autonomous vehicles equipped with advanced
road preview technology. Using the road profile inputs available from road preview sen-
sors, the RR Model can enable pre-emptive estimation of rack force and modulation
of steering torque feedback while driving on roads with slopes, cleats, or potholes [45].
5.2. Estimation of Rack Force Components
Results from the CarSim simulation study (Fig. 9) illustrate the accuracy of rack force
estimates due to steering angle and road profile produced by the BT Model. Inputs
used to estimate rack force due to road profile (RFRoad) are shown in Fig. 9a, and
to estimate rack force due to steering angle (RFSteering) are shown in Fig. 9c. The
RFSteering estimated using the BT Model agreed well with RFSteering estimated using
CarSim (Fig. 9b). The normalized mean absolute error between the estimate produced
by the BT Model and the estimate produced by CarSim was found to be only 3.62%.
Likewise, the estimates of RFRoad produced using the BT Model also matched the
estimates produced using CarSim with an estimation error of only 5.00%.
Next, we investigated how much the residual rack force ∆RF contributes to the
total rack force. To this end, we compared the sum of the component-wise estimates
RFSteering and RFRoad with the total steering rack force estimated by the BT model
and to the rack force measured using the rack force sensor mounted in the vehicle (see
Fig. 10). The input steering angle and road slopes for this test were modeled after the
18
Steering Angle
Road Slope
(a)
Rack Force due
to Road Slope
(CarSim)
Rack Force due
to Road Slope: RFRoad
(BT Model)
(b)
Steering Angle
Road Slope
(c)
Rack Force due
to Steering
(CarSim)
Rack Force due
to Steering: RFSteering
(BT Model)
(d)
Figure 9.: Comparison of component wise estimates of rack force generated by the
BT Model with the estimates generated by CarSim in Experiment 1. Vehicle speed
maintained at about 20 km/h. (a) Input zero steering angle and non-zero road slope.
(b) RFRoad estimated using the BT Model and using CarSim. (c) Input non-zero
steering angle and zero road slope. (d) RFSteering estimated using the BT Model and
using CarSim.
original inputs to Experiment 1. The sum of component-wise estimates of rack force
matched well with the total steering rack force estimated by the BT Model (Fig. 10b).
The normalized mean absolute error between RFSteering +RFRoad and the rack force
RF estimated using the BT Model was found to be only 1.33%. In other words, the
influence of residual rack force ∆RF on total rack force was found to be negligible.
The results from the simulation study show that for driving on road slopes with large
variations, the BT Model is capable of producing component-wise estimates of rack
force to perform targeted compensation. Considering the higher DOF VTM-based
estimator in CarSim as a reference, the independent estimates of rack force due to
steering angle and due to road profile produced by the simpler BT Model were both
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Figure 10.: Comparison of total rack force estimate as a sum of component-wise rack
force estimates generated by the BT Model with the measured rack force and the total
rack force estimated using the BT Model. Vehicle speed maintained at about 20 km/h.
(a) Input non-zero steering angle and non-zero road slope. (b) Sum of component-wise
rack force estimates generated by the BT Model, total rack force generated by the BT
Model, and rack force measured using sensor.
found to be accurate. Moreover, at least for the road slope variation of about −13◦
to 13◦ and steering angle variation of about −20◦ to 20◦, the residual rack was found
to be negligible and rack force turned out to be mostly composed of RFSteering and
RFRoad.
The results on the component-wise estimates of rack force can be utilized in the
design of power steering control algorithms and driver assist features. Using the in-
dependent estimates of the rack force components, controllers may be designed to
enable targeted compensation for enhanced steering feel (as suggested in [2,21]). Rack
force components can also be suppressed entirely to determine a fault or undesirable
behavior in the steering system [6]. Targeted compensation may also have critical
applications in the steer-by-wire systems, driving simulators, and hardware-in-loop
simulators where re-creating road feel and tuning the steering feel have always been
an active area of research [11,29]. The individual components of rack force can also be
selectively tuned and displayed to the driver to realize different driving modes such as
“luxurious” or “sporty” driving as discussed in [6].
6. Conclusions and Future Work
In this paper, we developed three vehicle and tire model based (VTM-based) rack force
estimators that can be used to estimate rack force for driving on uneven roads. We
used the estimators to investigate the level of tire model complexity required to accu-
rately estimate rack force for driving on low and high frequency road profile variations
with non-aggressive and aggressive steering maneuvers. We found that estimators with
non-linear tire models produce more accurate rack force estimates for driving with ag-
gressive steering maneuvers. Moreover, only the relatively complex semi-empirical tire
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models such as the Rigid Ring tire model can accurately capture the rack force vari-
ation for driving on high frequency road profile variations. In addition, we checked
whether the estimates of rack force due to steering angle and due to road profile pro-
duced by a VTM-based estimator could be used to perform targeted compensation to
enhance the steering feel. To this end, we showed that, for a driving maneuver with
large road slope variation, the component-wise estimates of rack force produced by
our estimator match the component-wise estimates produced by a higher DOF vehicle
and tire model estimator available in a commercial vehicle dynamics package (Car-
Sim). Through one experiment, we also showed that rack force seems to only consist
of rack force due to steering angle and due to road profile even though rack force is a
nonlinear function of steering angle and road profile.
While our estimators produced accurate estimates of rack force at normal driving
speeds, the estimation accuracy dropped during parking maneuvers (low speeds and
large steering angles). Moreover, in the majority of driving experiments that we per-
formed, the speed was maintained consistent in order to isolate the effect of steering
angle and road profile on the rack force. Future work can focus on developing VTM-
based estimators that support rack force estimation for parking maneuvers and focus
on testing the effect of speed variations on the estimation and decomposition of rack
force. In comparison to other existing estimation techniques, VTM-based estimators
use more tire and vehicle specific parameters to estimate the rack force. Future stud-
ies can investigate robustness of VTM-based estimators against the uncertainty in the
values of these parameters. Future work can also focus on using VTM-based estimators
to support development and improvement of electric power steering control algorithms
and advanced driver assist functions. The ability of a VTM-based rack force estimator
to produce component-wise estimates of rack force due to steering angle and due to
road profile can also be used to perform targeted compensation on each individual
component to improve steering feel.
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